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Prediction of Vortex Breakdown in Leading-Edge
Vortices Above Slender Delta Wings

Z. Rusak¤ and D. Lamb†

Rensselaer Polytechnic Institute, Troy, New York 12180-3590

This paper applies a recent theory on the axisymmetric vortex breakdown process to experimental � ow pro� les
of leading-edge vortices above slender delta wings at high angles of attack. Using several simplifying assumptions
about the nature of the vortex generation process and its swirl ratio dependence on angle of attack, the necessary
conditions for the breakdown of the vortices are calculated. The computations show agreement with the available
experimental data and, thus, provide a method to predict the burst locations along a delta wing as a function
of the angle of attack. Speci� cally, this can be predicted out of a single set of measurements at a lower angle of
attack where no sign of breakdown yet exists. In addition, the calculation of the swirl ratio, based on the ratio
of the maximum circumferential speed over the maximum axial speed, reveals that at the predicted breakdown
conditions this parameter is almost independent of both the angle of attack and the location along the wing chord,
having an average value of about 0.58. This critical value of swirl ratio may, therefore, serve as a simple criterion
for the appearance of breakdown along leading-edge vortices above slender wings with sharp edges.

Nomenclature
c = wing chord length
E = variational � ow force functional
E = energy functional
H = total head function
I = extended circulation
r = radial distance
r ¤ = normalized radial distance, r=x
rc = vortex core radius
rt = tube radius
U1 = freestream velocity
u = radial velocity component
v = circumferential velocity component
w = axial velocity component
x = axial distance from wing apex
y = square of radial distance, r 2=2
z = normal distance
® = angle of attack
®BD = breakdown angle of attack
3 = wing sweep angle
Ã = stream function
! = vortex swirl ratio, vmax=wmax

I. Introduction

M ODERN high-performance� ight vehicles, especially � ghter
aircraft designed for transonic and supersonic � ight, often

require combinationsof slender bodies and thin, swept-back lifting
surfaces with sharp leading and trailing edges. These con� gura-
tions generate at high angles of attack considerable aerodynamic
lift forces, largely because of the induced � ow generated by the
vortices that are shed from the lifting surfaces and the nose of the
con� guration. Increasingly, the desire to improve the performances
of such rapidly maneuveringvehicles to high-g maneuvershas lead
to the wideningof their operationalenvelopeof � ight to even higher
angles of attack. Therefore, understandingand predicting the aero-
dynamic and � ow characteristicsaroundsuch con� gurationsat high
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angles of attack becomes essential for their operationand the design
of future vehicles.

The � ow� eld around a slender swept wing changes signi� cantly
with the angle of attack ®. At relatively low angles, ® < »5 deg,
the viscous shear layers shed from the leading edges are con� ned
to small separation zones attached to the surfaces with only small
effects on the wings linear aerodynamic characteristics.Linear the-
ories and numerical methods can be used to evaluate the aerody-
namic behavior of the wings (see, e.g., Ref. 1, Chaps. 4 and 5, for
an overview of this subject). As the angle of attack increases to
moderate angles, »5 deg < ® < »12 deg, the separated layers de-
tach from the surface into the � ow as vorticity sheets that then roll
up into two concentrated vortices with strong axial jets above the
wing upper surface, known as the leading-edgevortices.These vor-
tices induce additional,nonlinearlift force on the wing, and modern
computationalmethods must be used to evaluate their behavior (see
Ref. 1, Chaps. 6–9). At a higher angle of attack, however, the cores
of the concentratedvortices may suddenly burst near the wing trail-
ing edge at a certain critical wing incidence. This phenomenon is
calledvortex breakdownor burst and it was � rst found in the experi-
ments of Peckham and Atkinson2 (see also Lambourne and Bryer3 ).
Further increase of ® results in the displacement of the breakdown
zone along the vortex axis toward the wing apex.4¡13

Vortex breakdown is a basic phenomenon in � uid dynamics
that refers to the sudden and signi� cant change in the structure
of swirling � ows with a high level of swirl. The breakdown phe-
nomenon is characterized by the sudden appearance of a free stag-
nation point (the breakdown point) along the vortex centerline, fol-
lowed by a rapid dilatation of the vortical structure, regions of
� ow reversal, and the occurrence of large-scale � uctuations. The
breakdown zone typically appears in the form of either a near-
axisymmetric bubble with a helical tail, a spiral, a double-helix, or
an open axisymmetricseparationzone. At very high Reynolds num-
bers the open axisymmetric separation zone dominates. The other
� ow structures can be found at lower Reynolds numbers. When the
breakdownpoint occursaboveand in front of the wing mid-chord, it
signi� cantly affects the induced � ow� eld around the wing, causes
the loss of the lift force, and leads to its stall.2¡11 This limits the
envelope of � ight of the aircraft. The breakdown phenomenonmay
also be unsteady or asymmetric,2;3;12 and therefore can result in
the appearance of undesired asymmetric loading, lateral forces and
moments, and can signi� cantly affect the stability of � ight of the
vehicle. The various physical, aerodynamic, and control aspects of
vortex breakdown in leading-edge vortices are summarized in the
review paper by Delery.13
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The interest in expanding the � ight envelope and improving the
performance of aircraft has led to many experimental, numerical,
and theoreticalstudiesthat attemptedto understandthevortexbreak-
down phenomenon. The experimental works include studies of the
burst location for a � ow over variousslender delta wings.4¡13 Based
onpreviousexperiments,4¡9 Figs. 23 and24 in O’Neilet al.9 summa-
rized the measured burst locations from the wing apex as a function
of angle of attack for two typical delta wings with sweep angles
of 3 D 60 and 70 deg, respectively.A similar summary is also pre-
sented in Ref. 13, Fig. 24, and in Ref. 14, Fig. 3.76. As the angle of
attack is increased, the breakdown point moves upstream along the
vortexaxis.There is somescatteringin the locationof thebreakdown
point, on the order of the vortex core diameter. This may result from
either the different bluntness of the leading edge of the wing used
in each experiment, the speci� c criterion used to select the break-
down point, the unsteadyoscillationsof the breakdown zone, or the
effects of wind-tunnel blockage because some of the experiments
were performed in wind tunnels too small for the size of the model.

Delery13 demonstrated the two main parameters in� uencing the
breakdown phenomenon. The � rst parameter is the vortex swirl in-
tensity (or swirl ratio), which cannot increase above a critical limit.
The second is the adverse pressure gradient to which the vortex is
submitted, which creates a retardation effect on the axial velocity
pro� le. The interaction between the two parameters showed that
the critical limit of swirl decreases with the increase of the adverse
pressure gradient (see Fig. 20 in Ref. 13). Note, however, that the
critical swirl ratio approaches a certain value in the limit of zero
adverse pressure gradient. Delery13 also stated that in the case of
high Reynolds number � ows the breakdown of leading-edge vor-
tices over slenderwings with sharp edges is only weakly in� uenced
by the Reynolds number.

The numerical studies of vortex breakdownabove deltawings in-
cludeanalysesbyHoeijmakers,15 Agrawal et al.,16 Robinsonet al.,17

andVisbal.18 Advancednumericalmethodsare able to simulatelam-
inar � ow with vortex breakdown using both the Euler and Navier–
Stokes equations. However, the simulation of � ow states at high
Reynolds numbers on the order of 107, which are typical of the
experimental situations and � ight conditions, is still a challeng-
ing problem. Based on extensive numerical simulations, Robinson
et al.17 proposed an ad hoc Rossby number criterion, Ro D U=rcÄ
(the inverse of the swirl ratio), for locating breakdown in leading-
edge vortices. (Here U is an averaged core axial speed, rc is an
effective vortex core radius, and Ä is an averaged rotation rate.)
Breakdown will appear along the vortex when the local Ro falls be-
tween 0.9 and 1.4. The vortex is stable when the local Ro is above
this range and always bursts when Ro is below this range.

Traub19;20 has recently proposed several semi-empirical models
to predict the locationof vortexbreakdownabove slenderwings and
its variation with incidence. The methods are based on the Sychev
similarity parameter to estimate the circulation along the leading-
edge vortices.Although these methods show a goodagreementwith
the experimentaldata, they have no theoreticalbasis and neglect the
effects of several parameters characterizing the leading-edge vor-
tices, such as the vortex core radius and the axial � ow acceleration
along thevortexaxis, that stronglyin� uence the breakdownprocess.

Brandt21 has also suggested a semi-empirical model to compute
the leading-edge vortex bursting trajectories with angle of attack.
The model is basedon analysisof a simpli� ed versionof the Navier–
Stokes equations for a slender vortex together with vortex lattice
method solutions.A controlparameterwas adjustedto experimental
data.Again, the method results in goodagreementwith experiments
but is not based on a theory that explains the vortex breakdownphe-
nomenon.

Mahesh22 analyzedbreakdownconditionsof a compressiblevor-
tex � ow. His analysis is based on the ad hoc hypothesis, with no
theoretical basis, that breakdown is the result of the competing ef-
fects of adverse pressure gradient and streamwise momentum � ux
along the vortex centerline. This analysis may apply to supersonic
� ows and shock-inducedbreakdown. However, in the case of an in-
compressiblefree vortex � ow, the predictiongives a too high critical
swirl ratio with respectto those found in simulationsor experiments.

Theoretical analyses of vortex breakdown concentrated on an
axisymmetric swirling � ow in a tube or in a free domain. Several
explanationswere proposed:the critical-stateconcept,23 the solitary
trapped-waveapproach,24;25 the special state of a semi-in� nite stag-
nationzone,26 the analogyto boundarylayer separation,27 the nature
of swirling � ow states in a diverging streamtube,28 the appearance
of hydrodynamicinstabilities,29;30 and the positivefeedbackmecha-
nism between the generationof negativeazimuthal vorticityand the
divergence of stream function surfaces.31 Some of the approaches
show a possible relationship between the axisymmetric breakdown
and the critical-state concept.23 Other approaches emphasized the
importance of an adverse pressure gradient on the appearance of a
separation (breakdown) zone along the vortex axis.13

Although much progresshas been achieved in the researchon the
mechanisms of vortex breakdown, none of the previous theoretical
or numerical tools available can be applied directly to predict the
location of vortex breakdown above slenderwings at high angles of
attack. It was not until recently, however, that a consistent descrip-
tion of the complicatedphenomenonof vortex breakdown has been
provided.

In a recent set of papers, Wang and Rusak,32;33 Rusak et al.,34

Wang and Rusak,35 Rusak et al.,36 Rusak,37 and Rusak et al.,38

have presented a theoretical approach that describes the axisym-
metric vortex breakdown process. The combination of various pa-
pers shows that vortex breakdown appears as a result of a non-
linear competition of effects and parameters. The main parameter
is the swirl ratio characterizing the vortex � ow. Other effects in-
clude the inviscid instability mechanism of vortex � ows,32¡34 the
viscosity,35 the adverse pressure gradient,36 and the upstream vor-
ticity perturbations.37 The theory is built of rigorous analyses of the
Euler and Navier–Stokes equationsthat providethe variouspossible
� ow states and the stability of those states.

Because in the case of leading-edge vortices in high Reynolds
number � ow the viscous effects are typically small, we concen-
trate here on the inviscid, zero adverse pressure gradient approach
of Wang and Rusak.32;33 This approach examined the dynamics of
axisymmetric swirling � ows in a � nite-length stream tube by ap-
plying the unsteady Euler equations.Boundary conditions that may
re� ect the physical situation in swirling � ows in a tube were used.
These conditions considered � xed in time upstream axial and swirl
velocity pro� les that may provide a realistic description of the � ow
state immediately downstream of a vortex generator at steady op-
eration. The analysis32 concentrated on studying both the growth
rate of an initial perturbation in a swirling � ow, as it relates to the
stability characteristicsof the � ow, and the relationshipbetween the
time-asymptoticbehaviorof the � ow and steady equilibriumstates.

There exist two critical swirl ratios of the upstream vortex � ow,
!0 and !1 , where !0 < !1 . Concentrated vortex � ows with a swirl
ratio ! less than the threshold level !0 are unconditionally stable
to any axisymmetric disturbance.In the range !0 < ! < !1 the � ow
may evolve into one of two steady states, depending on the size
of the initial disturbances. When the disturbances are suf� ciently
small they decay in time and the � ow returns to be columnar, but
when thedisturbancesare large they growandevolveintoa largeand
steadysemi-in� nite stagnationzone, similar to the breakdownstates
found in high Reynolds number turbulent � ows. When ! > !1, any
initial disturbancegrows and the vortex always evolves into a stable
and steady breakdown zone. Also, stable axisymmetric breakdown
zones exist only when ! > !0 . These become unstable and the � ow
returns to a concentratedvortex state when ! < !0.

These special stability characteristicsare related to the propaga-
tion upstream of both small- and large-amplitude disturbances and
their interaction with the � xed � ow conditions downstream of the
vortex generator.The disturbances tend to propagate upstream with
a speed that increases with !. When ! < !1 , small disturbancesare
convecteddownstreamby the axial � ow and the concentratedvortex
is, therefore,stable.However,when ! > !1 , small disturbancestend
to move upstream. Because the � ow out of the vortex generator at
steady operation is � xed, the disturbances cannot move through it.
They are trapped, grow in time, and stabilize as a large and steady
stagnation zone. These large-amplitudebreakdown zones also tend
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to move upstream as ! increases and can exist at swirl ratios even
below !1. However, when ! < !0, these zones are convecteddown-
stream by the axial � ow and the � ow returns to a concentrated
vortex state. Therefore, !0 is a threshold swirl level for breakdown
states and ! > !0 is a necessary condition for a steady and stable
axisymmetric breakdown. Also, ! > !1 is a suf� cient condition for
breakdown. For more details of the theory see Wang and Rusak32;33

and Rusak et al.34;38

The effect of an adverse pressure gradient on the � ow dynamics
described in the previous paragraph was studied in Rusak et al.36

It was found that when the tube divergence, or adverse pressure
gradient, is smaller than a limit level, which depends on the base
vortex � ow pro� le, the inviscid instability mechanism of Wang and
Rusak32;33 is still dominant.Then, thenecessaryconditionforbreak-
down remains the same as above, ! > !0. However, when the ad-
verse pressure gradient is greater than the limit level, it becomes
more dominant.Then, breakdown � rst appears at a swirl ratio, !0¾ ,
below !0 where !0¾ is a nonlinear functionof the pressuregradient.
As can be seen later from the � gures in Section III, in the case of a
� ow over a deltawing,with no compressioneffectsbehindit, there is
a relatively small adverse pressure gradient along the leading-edge
vortices at angles of attack before breakdown appears, or ahead of
the breakdown point, at angles of attack where breakdown appears.
In the present paper we assume that the adverse pressure gradient
is relatively low or around the limit level and using the criterion
! > !0 can still provide a relevantpredictionof the � rst appearance
of a breakdown state at any point along the wing.

Although the theory32¡38 concentratesonly on axisymmetricvor-
tex � ows in a stream tube (con� ned � ows), existing experimental
results2¡12 andnumericalsimulations14¡18 provideseveralstrongin-
dicationsthat the breakdownprocessof leading-edgevorticesabove
slender wings (uncon� ned � ows) has a similar behavior. First, the
� xed upstream axial and swirl velocity pro� les are also relevant
to the nature of the leading-edge vortices above delta wings be-
fore breakdown appears or ahead of the breakdownpoint. The same
amount of vorticity is continuously generated and shed from the
sharp edges and rolls into the vortices, independentof the dynamics
of any perturbation downstream. Second, the vortices’ swirl ratio
may increasealong the wing chord because more vorticity rolls into
the vortices. Third, as the angle of attack increases, more vorticity
is shed from the edges and the vortices’ swirl ratio also increases.
Fourth, the relatively noisy � ow environment around the wing al-
ways generates suf� ciently large-amplitudeperturbations such that
a transition to breakdown will occur immediately as the threshold
swirl ratio !0 is reached at a certain location. Fifth, as the wing
sweep-backangle increases the vorticesbecome more concentrated
and near axisymmetric. From these arguments it may be concluded
that the interaction between the propagation upstream of perturba-
tions along the vortex core, which are driven by the swirl level,
and the continuous generation of the vortices from the sharp lead-
ing edges, reaches a critical balance at a threshold swirl ratio. This
criticalswirl ratio correspondsto a criticalangleof attackand break-
down suddenly occurs for the � rst time near the wing trailing edge.
As the angle of attack continues to increase the threshold swirl is
reached at a more upstream location and, therefore, the breakdown
zone moves upstream and dominates the separated � ow above the
wing. When the angle of attack is below the critical level all of
the perturbations are convected downstream by the axial � ow and
the vortices are stable.

Moreover, recent calculations based on the theory32¡38 for the
Burgers’ vortex34 and the Q-vortex38 show that, as the ratio rc=rt of
the vortex core radius over the stream tube radius is reduced to zero,
both the thresholdfor breakdownswirl ratio !0 and the critical swirl
!1 approach certain � nite limit values. For example, for a Q-vortex
with a strong axial jet this limit threshold swirl ratio occurs when
the swirl ratio vmax=wmax of maximum circumferential speed at the
core edge over maximum axial speed at the core center is about 0.6.
This limit case may also apply by analogy to the behaviorof a � nite
core vortex in an in� nite tube or a partially bounded vortex, such
as the leading-edgevortex above a slender delta wing. Speci� cally,
calculationof the thresholdswirl ratio !0 for an experimentalvortex

state at a certaincross sectionalong thewing chord,as if it is inserted
in a large radius tube, may provide a relevant predictionof the swirl
ratio or angle of attack at which breakdownappears at that location.

The objective of this paper is to use the new theory of Wang and
Rusak32 as a framework to conduct computationsof the breakdown
process in leading-edge vortices. Altough the theory is limited to
the inviscidand zero adversepressuregradientapproach,it may still
provide relevant predictions of the location of vortex breakdown
above slender delta wings. Corrections resulting from the effects of
viscosity and the pressure rise along the vortex can be estimated
according to the asymptotic analyses in Refs. 35 and 36 and will be
investigated in the future.

The outline of this paper is as follows. In Sec. II, a summary of
the method to compute !0 is given. This is followed by a discussion
on the approach used to analyze the test data provided by O’Neil
et al.9 (Sec. III). In Sec. IV, the resulting calculated burst locations
above various delta wings are computed and are compared to the
test results. The paper is concludedwith a summary of main results
and a discussion.

II. Computation of !0

The method to compute !0 results from the nature of solutionsof
the Squire-Long equation (SLE) (derived from the axisymmetric,
steady-state Euler equations):

Ãyy C Ãx x =2y D H 0.Ã/ ¡ I 0.Ã/=2y (1)

with boundary conditions

Ã.x; 0/ D 0; Ã x; 1
2

D Ã0
1
2 ; Ã.0; y/ D Ã0.y/

K .0; y/ D !K0.y/; Ãx .x0; y/ D 0 (2)

Here, r is the distance from the vortex axis rescaled with the stream
tube radius rt , y D r 2=2 and x0 is the tube length. The streamfunc-
tion is Ã.x; y/, where the axial and radial speeds are w D Ãy and
u D ¡Ãx=

p
.2y/, and K D rv is the circulation function. The up-

stream stream function Ã0.y/ and the circulation pro� les !K0.y/
are related to the axial and circumferential upstream velocity pro-
� les w0.y/ D Ã0y.y/ and v0.y/ D !K0.y/=

p
.2y/. The total head

function is H D p=½ C .u2 C w2 C v2/=2 and I D K 2=2 is the ex-
tended circulation; both are functions of Ã only. Solutions of the
SLE correspond to the extremum points of the following energy
functional26:

E.Ã/ D
x0

0

1
2

0

Ã 2
y

2
C Ã2

x

4y
C H .Ã/ ¡

I .Ã/

2y
dy dx (3)

It has been shown32 that the solution Ãg.x; y/ that globally mini-
mizes E.Ã/ is dominated by the solution Ãs.y/ of the columnar,
ordinary differential equation (ODE) problem

Ãyy D H 0.Ã/ ¡ I 0.Ã/=2y; Ã.0/ D 0; Ã 1
2

D Ã0
1
2

(4)

that globally minimizes the variational columnar � ow-force
functional23

E.Ã/ D
1
2

0

Ã 2
y

2
C H .Ã/ ¡

I .Ã/

2y
dy (5)

As demonstrated by Wang and Rusak,32 when ! is smaller than
the threshold value !0 , the solution of Eq. (4) that globally mini-
mizes E is the base � ow Ãs.y/ D Ã0.y/. This implied that the so-
lution of Eq. (1) that globally minimizes E is also the columnar
� ow Ãg.x; y/ D Ã0.y/. When ! is greater than the threshold value
!0, however, the solution of Eq. (4) that globally minimizes E is
different from Ã0.y/. This solution, Ãs.y/, contains a separation
zone and E[Ãs.y/] < E[Ã0.y/]. The solution of Eq. (1) that glob-
ally minimizes E, therefore,describesa vortex breakdownstate that
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is a transition in space along the vortex axis from an upstream state
Ãg.0; y/ D Ã0.y/ to a downstreamstate Ãg.x0; y/ D Ãs.y/ with less
columnar� owforce than the inlet.The differencebetween E[Ã0.y/]
and E[Ãs.y/] creates a radial � ow along the upstream section to
establish the separation (breakdown) zone. To compute the swirl
threshold !0 , therefore, it is necessary to � nd all of the solutions
for Eq. (4) for a given ! including those with a separation zone.
For each solution, the � ow force according to Eq. (5) must then be
computed and compared with the inlet state � ow force at the same
!. The swirl threshold !0 for axisymmetric breakdown is found
when there exists another solution, Ãs.y/, of Eq. (4), other than
the base upstream vortex state Ã0.y/, where E[Ãs.y/] D E[Ã0.y/].
At this point, it should also be clari� ed that the state that globally
minimizes E.Ã/ depends on the choice of a continuationmodel in
the separationzone. In the computations for !0 , a stagnationmodel
is being used for the separationzone. This model has been selected
basedon the numericalunsteadyinviscid � ow simulationsby Rusak
et al.34 that demonstrate the natural establishment of a stagnation
zone in inviscid � ows when ! is greater than !0 and as time tends
to in� nity.

The threshold swirl ratio for breakdown !0 is computed by using
a program developed by Rusak et al.38 to predict vortex breakdown
of any vortex � ow based on the method previously outlined. This
programusesa standarddifferentialequationsolverfrom theFortran
routines to integrate Eq. (4) numerically for a � xed !. The critical

Table 1 Experimental test cases: formulas for scaled circumferential and axial velocity pro� les and predicted threshold swirl ratios
for vortex breakdown

Con� guration ® x=c Circumferential velocity Axial velocity !0

3 D 60-deg 12 deg 0.25 v0 D 24:15815r ¤ ¡ 208:971r¤2 C 865:2331r¤3 w0 D 2:151797¡ 53:3466r¤2 C 278:4773r¤3 1.901
delta wing ¡1915:47r¤4 C 2291:338r¤5 ¡ 1393:65r ¤6 ¡598:913r ¤4 C 613:7275r¤5 ¡ 280:354r¤6

C 337:5844r¤7 C 39:45551r¤7

0.50 v0 D 14:17726r ¤ ¡ 103:546r¤2 C 414:548r ¤3 w0 D 1:812998¡ 29:2689r¤2 C 117:3035r¤3 1.205
¡ 944:043r¤4 C 1180:144r¤5 ¡ 751:077r¤6 ¡ 179:499r¤4 C 100:4073r ¤5 C 11:33328r¤6

C 189:9892r ¤7 ¡ 20:9679r¤7

0.75 v0 D 13:59053r ¤ ¡ 87:6469r¤2 C 256:9933r¤3 w0 D 1:637711¡ 19:9064r¤2 C 81:16187r¤3 1.194
¡ 385:212r¤4 C 287:0114r¤5 ¡ 83:5829r¤6 ¡ 113:092r¤4 C 26:3762r¤5 C 59:25878r ¤6

¡ 0:5965r¤7 ¡ 34:3325r¤7

16 deg 0.30 v0 D 14:45814r ¤ ¡ 65:4845r¤2 C 91:21227r¤3 w0 D 2:207601¡ 49:6271r¤2 C 272:6924r¤3 1.502
C 10:65575r¤4 ¡ 65:4343r¤5 ¡ 34:3318r ¤6 ¡ 610:425r¤4 C 625:9448r ¤5

C 49:5738r¤7 ¡ 261:038r¤6 C 21:39515r ¤7

0.40 v0 D 16:96448r ¤ ¡ 110:099r¤2 C 319:0449r¤3 w0 D 1:908591¡ 19:7759r¤2 C 105:0268r¤3 1.160
¡ 408:731r¤4 C 128:8624r¤5 C 152:4387r ¤6 ¡ 311:101r¤4 C 511:3704r ¤5

¡ 97:8183r¤7 ¡ 419:934r¤6 C 133:5391r ¤7

0:45 v0 D 17:18459r ¤ ¡ 119:656r¤2 C 340:8164r¤3 w0 D 1:987409¡ 50:9497r¤2 C 275:8599r¤3 1.350
¡ 378:996r¤4 ¡ 11:4097r ¤5 C 302:6664r¤6 ¡ 606:258r¤4 C 618:5342r ¤5

¡ 150:066r¤7 ¡ 267:789r¤6 C 29:6094r¤7

0.50 v0 D 13:64721r ¤ ¡ 69:1866r¤2 C 137:4292r¤3 w0 D 1:733406¡ 23:4669r¤2 C 126:6581r¤3 1.200
¡ 88:5286r¤4 ¡ 45:6983r ¤5 C 73:61962r¤6 ¡ 344:157r¤4 C 518:5623r ¤5

¡ 20:6327r¤7 ¡ 402:263r¤6 C 123:9396r ¤7

3 D 70-deg 25 deg 0.40 v0 D 23:13843r ¤ ¡ 145:759r¤2 C 394:9573r¤3 w0 D 2:714059¡ 72:9286r¤2 C 371:4686r¤3 1.315
delta wing ¡ 445:427r¤4 C 46:14563r¤5 C 264:8451r ¤6 ¡ 888:654r¤4 C 1152:273r ¤5

¡ 137:179r¤7 ¡ 775:383r¤6 C 211:3557r ¤7

0.60 v0 D 22:55463r ¤ ¡ 144:055r¤2 C 393:128r ¤3 w0 D 2:693056¡ 75:8363r¤2 C 377:9141r¤3 1.200
¡ 452:84r¤4 C 72:87204r ¤5 C 235:1629r¤6 ¡ 864:716r¤4 C 1056:542r ¤5

¡ 126:14r¤7 ¡ 665:353r¤6 C 169:5538r ¤7

0.80 v0 D 25:98549r ¤ ¡ 177:68r¤2 C 521:6507r ¤3 w0 D 2:59 ¡ 78:2186r¤2 C 351:2256r¤3 1.151
¡ 700:869r¤4 C 323:6724r¤5 C 111:9215r ¤6 ¡ 653:517r¤4 C 570:2158r ¤5

¡ 104:076r¤7 ¡ 202:884r¤6 C 11:35686r ¤7

28 deg 0.50 v0 D 23:13843r ¤ ¡ 145:759r¤2 C 394:9573r¤3 w0 D 2:931809¡ 60:4787r¤2 C 259:2134r¤3 1.195
¡ 445:427r¤4 C 46:14563r¤5 C 264:8451r ¤6 ¡ 723:365r¤4 C 989:7953r ¤5

¡ 137:179r¤7 ¡ 704:784r¤6 C 201:5897r ¤7

0.65 v0 D 25:4731r¤ ¡ 172:463r¤2 C 489:8209r ¤3 w0 D 2:702698¡ 45:3788r¤2 C 192:1743r¤3 1.100
¡ 587:71r¤4 C 122:0262r ¤5 C 281:3912r¤6 ¡ 426:151r¤4 C 563:0339r ¤5

¡ 157:88r¤7 ¡ 404:573r¤6 C 119:068r¤7

0.70 v0 D 28:19476r ¤ ¡ 185:064r¤2 C 509:8763r¤3 w0 D 2:778486¡ 63:8007r¤2 C 274:6848r¤3 1.091
¡ 597:924r¤4 C 124:4903r¤5 C 273:3053r ¤6 ¡ 536:144r¤4 C 550:7256r ¤5

¡ 152:148r¤7 ¡ 285:445r¤6 C 57:99719r ¤7

0.75 v0 D 31:29911r ¤ ¡ 205:906r¤2 C 560:0224r¤3 w0 D 2:920181¡ 81:3842r¤2 C 389:4885r¤3 1.089
¡ 653:682r¤4 C 152:404r ¤5 C 268:8749r¤6 ¡ 848:967r¤4 C 983:4362r ¤5

¡ 152:348r¤7 ¡ 585:492r¤6 C 140:8374r ¤7

swirl level is found iterativelyby changing! until another solution,
Ãs .y/, besides the base vortexstate,Ã0.y/, exists for which the � ow
force function [Eq. (5)] equates that of the base � ow. For complete
details on these type of computations see Rusak et al.34;38

III. Analysis
The objective of this study is to develop a tool to predict vortex

breakdownof leading-edgevorticesoverdeltawingsbyapplyingthe
recent theory of Wang and Rusak32 to experimental vortex pro� les
at various cross sections above slender delta wings. Speci� cally,
two delta wing con� gurations are investigatedaccording to the data
in O’Neil et al.9 These data consist of velocity pro� les and vortex
breakdownlocationsfor a 3 D 60-deg deltawing at angles of attack
of 12 and 16 deg and a 3 D 70-deg delta wing at angles of attack of
25 and 28 deg. The resulting predictions for the angle of attack
at which vortex breakdown occurs at the various cross sections of
these con� gurations are then compared to experimental test results
provided by O’Neil et al.9

The process to generate the vortex pro� les from the experimental
data provided by O’Neil et al.9 consists of the following steps. At
a given angle of attack ®, the vector plots of the circumferential
� ow� elds at various cross sections x=c along the wing are con-
structed. A total of 14 different cases are investigated. These test
cases are listed in Table 1. Figures 1 and 2 provide two typical ex-
amples of the generated vortex plots. Figure 1 is a vector plot of the
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Fig. 1 Vector plot of the circumferential velocity for the K = 60-deg
delta wing at an angle of attack of 16 deg and at x/c = 0.3.

Fig. 2 Vector plot of the circumferential velocity for the K = 70-deg
delta wing at an angle of attack of 28 deg and x/c = 0.5.

circumferential velocity for the 3 D 60-deg delta wing at an angle
of attack of 16 deg and at x=c D 0:3. Figure 2 is the vector plot of the
circumferential velocity for the 3 D 70-deg delta wing at an angle
of attack of 28 deg and x=c D 0:5. Vector plots for all of the other
cases studied are generated in a similar way and can be found in
Lamb.39

The leading-edgevortex � ow is evident from the vector plots. In
addition, it can also be seen from both � gures that the upper wing
surface has a signi� cant effect on the circumferentialvelocity. This
effect increasesas the vortex gets closer to the surfaceof the wing as
the wing apex is approachedor when the wing sweep-back angle 3
is reduced. O’Neil et al.9 demonstrated that for slender delta wings
with 3 ¸ 70 deg the leading-edge vortices are near axisymmetric
along most of the wing chord but as the wing sweep back angle
decreases below 65 deg the vortex deviates from an axisymmetric

pro� le. To minimize the effect of the wing surface the vortex pro� le
along an inclined transverse cut is used in this analysis. Such cuts
are shown as the solid black lines in both examples in Figs. 1 and 2.
The vortex pro� le along the cut may be considered as an averaged
axisymmetric pro� le that corresponds to the leading-edgevortex at
a certain cross section.

Using theminimumleast-squaresmethod,analyticalformulasare
curved� t to the measuredaxial and circumferentialvelocitypro� les
along each cut. These are functions of the radial position along the
transverse cut, normalized with the chordwise position along the
wing, r¤ D r=x . Both velocitiesare rescaled with the freestreamve-
locity U1. Special attention is given to the accurate representation
of the swirl pro� le at the vortexviscoussubcore.Also noticethat, for
simplicity, we rescale the swirl parameter ! such that at each cross
section ! D 1. The formulas describingthe various rescaledpro� les
for the axial velocity w0.r ¤/ and circumferential velocity v0.r¤/
are summarized in Table 1. Note that both the axial and circumfer-
ential velocity pro� les are usually approximated by seventh-order
polynomial functions.

Figures 3a and 3b show typical pro� les of the axial speed w0.r¤/
and circumferentialspeed v0.r¤/ curve � t formulas at certain angles

Fig. 3a Axial and circumferential velocity curve � t pro� les to the
experimental results9 for K = 60 deg, ® = 16 deg, and x/c = 0.4.

Fig. 3b Axial and circumferential velocity curve � t pro� les to the
experimental results9 for K = 70 deg, ® = 28 deg, and x/c = 0.5.
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Fig. 4 Axial and circumferential velocity curve � t pro� les to the
experimental results9 along K = 60-deg delta wing at ® = 12 deg.

Fig. 5 Axial and circumferential velocity curve � t pro� les to the
experimental results9 along K = 60-deg delta wing at ® = 16 deg.

Fig. 6 Axial and circumferential velocity curve � t pro� les to the
experimental results9 along K = 70-deg delta wing at ® = 25 deg.

Fig. 7 Axial and circumferential velocity curve � t pro� les to the
experimental results9 along K = 70-deg delta wing at ® = 28 deg.

Fig. 8 Swirl ratio v0 max /w0 max as a function of x/c for various angles
of attack, ®, and delta wings.

of attack and chordwise locations for both the 3 D 60- and 70-deg
delta wings, respectively. These � gures demonstrate the agree-
ment between the computed pro� les and the experimental data.
Figures 4–7 show the computed axial and circumferential veloc-
ity pro� les at various angles of attack and cross sections along the
3 D 60- and 70-deg delta wings. It can be seen that both the axial
and circumferentialvelocitieshavehighervalues for the 3 D 70-deg
delta wing than for the 3 D 60-deg delta wing. Also, in general, the
swirl ratio v0 max=w0 max (ratio of maximum circumferentialspeed at
the edge of the vortex core over maximum axial speed at the vortex
axis) increases as both x=c or ® are increased (see Fig. 8).

Figures 4–7 also show that, for all cases, the axial speed de-
celaration along the vortex axis is relatively small. This indicates
that the leading-edge vortices are subjected to a relatively small
adverse pressure gradientbefore breakdownappears, as assumed in
the present analysis.
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For each one of the vortex pro� les w0.r ¤/ and v0.r ¤/ de� ned, the
threshold for breakdown swirl ratio !0 is calculated according to
the method described in Sec. II. It is assumed that each of the vortex
states is given in a circular tube where the vortexcore radiusover the
tube radius rc=rt D 0:05. Computationswith this ratio of rc=rt result
in values of !0 within 2% of the limit value as rc=rt tends to zero.
The results for !0 are also summarized in Table 1. It can be seen that
!0 > ! D 1 for each 3, ®, and x=c. This means that each one of the
vortex pro� les studied is, indeed and as expected, absolutely stable
and cannot suffer breakdown at the speci� c conditions it is given at
because its swirl ratio (! D 1) is below the threshold for breakdown
at these conditions.

IV. Results
Although the above-mentionedvortex pro� les are stable, we can

nowuse the informationfor their!0 to predictthe angleof attack®BD

Fig. 9 Comparison of the calculated vortex breakdown locations as a
function of ®BD with the experimental results9 ( K = 60-deg delta wing)
and other available data.

Fig. 10 Comparison of the calculated vortex breakdown locations as a function of ®BD with the experimental results9 ( K = 70-deg delta wing) and
other available data.

at which, for a given 3 and x=c, the thresholdswirl ratio is achieved
and breakdown occurs. We assume that as ® is increased the vortex
pro� les are � xed for each wing and at each cross section x=c. The
only effect of ® is increasing the swirl ratio ! in an approximately
linear relation, ! » ®. Therefore, the vortex breakdown angle of
attack at that cross section may be estimated by

®BD D .!0=!/® (6)

where according to the preceding formulas ! D 1 at each cross sec-
tion. Table 2 presents the predicted angles of attack for each of the
test cases. Figures 9 and 10 show a comparison of the calculated
vortex breakdown locations as function of ®BD (based on the data
from Ref. 9) with the actual experimental results.9 In Fig. 9 (delta
wing with 3 D 60-deg), the solid squarepointsare basedon analysis
of pro� les at ® D 12 deg and the solid triangle points on pro� les at
® D 16 deg. Similarly, in Fig. 10 (delta wing with 3 D 70 deg), the
solid square points are based on analysis of pro� les at ® D 25 deg
and the solid triangle points on pro� les at ® D 28 deg. Also shown
in Fig. 9 and 10, for reference, are the experimental results from

Table 2 Predicted breakdown angles of attack and swirl ratio for
each of the test cases

Delta wing
con� guration ® x=c !0 ®b , deg .V0 max=W0 max/b

3 D 60-deg 12 deg 0.25 1.901 22.81 0.92
delta wing 0.50 1.205 14.46 0.56

0.75 1.194 14.33 0.55
16 deg 0.30 1.502 24.03 0.69

0.40 1.160 18.56 0.58
0.45 1.350 21.60 0.58
0.50 1.200 19.20 0.64

25 deg 0.40 1.315 32.88 0.63
0.60 1.200 30.00 0.56
0.80 1.151 28.78 0.59

3 D 70-deg 28 deg 0.50 1.195 33.46 0.53
delta wing 0.65 1.100 30.80 0.53

0.70 1.091 29.43 0.57
0.75 1.089 30.49 0.61

3 D 75-deg 29 deg 0.50 1.328 38.43 0.65
delta wing
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Fig. 11 Breakdown swirl ratios for the various test cases studied.

several additional sources4¡8 that demonstrate the scattering in the
measurement of the breakdown location.

Examination of Figs. 9 and 10 shows a fair agreement between
the theoreticallycalculatedbreakdown locationsand those reported
in O’Neil et al.9 (the solid circles) for both the 3 D 60- and 70-deg
delta wings. These results demonstrate that, given a single set of
measurements at a certain angle of attack where vortex breakdown
did not even appear anywhere above the entire wing (such as the
vortexstates along the 3 D 60-degdeltawing at ® D 12 deg or along
the 3 D 70-deg delta wing at ® D 25 deg), the vortex burst locations
at various axial positions along the wing as a function of angle of
attack can be predicted using the theoretical approach of Wang and
Rusak.32 The results demonstrate the ability of the theory to predict
the abrupt and sudden nature of the breakdown process that could
not be predicted by any of the previous theoreticalworks.

There is some noticeable difference between the consistency of
the theoreticalresults for the two delta wing con� gurationsthat may
partlybe explainedby the effect of the wing surfaceon the generated
vortex. For the 3 D 60-deg delta wing, the leading-edge vortex is
much closer to the wing upper surface. The wing, therefore, has a
much greater effect on this vortex. This is evident by a comparison
of Figs. 1 and 2. The increased interferencewith the wing decreases
the axisymmetry of the vortex � ow, making the averaged vortex
model used in the analysis not as representativeof the � ow. In each
case, however, the results demonstrate that the vortex burst location
can be predicted.

Also included in Table 2 are the calculated values of the swirl
ratios at the breakdown conditions according to the formula

v0 max

w0 max BD

D !0

!

v0 max

w0 max

(7)

Figure 11 shows the various calculated breakdown swirl ratios,
.v0 max=w0 max/BD for the 3 D 60-deg and the 3 D 70-deg delta
wings. Examination of Fig. 11 reveals that the breakdown swirl
ratios are almost independentof both 3 and x=c, having an average
valueof 0:58 § 0:03. (Note that the points for3 D 60-degdeltawing
at ® D 12 deg and x=c D 0:25 and at ® D 16 deg and x=c D 0:3 with
values above 0.7 are neglected as outlying points.) This implies that
the parameter .v0 max=w0 max/BD may serve as a universal criterion
for the appearance of breakdown in leading-edge vortices. At any
point along the leading-edge vortex where the swirl ratio reaches
the critical value .v0 max=w0 max/BD D 0:58 § 0:03 vortex breakdown
appears. Notice that this critical value also matches the threshold
swirl ratio of about 0:6 of Q-vortices with a strong jet when the
vortex core radius over tube radius approachs zero.38

V. Summary and Discussion
This paper presents calculations for the angle of attack where

vortex breakdownoccurs above various delta wings. These calcula-
tions are guided by the recent inviscid theory of Wang and Rusak32

on vortex breakdown in a � nite-length tube with a zero pressure
gradient along it. A certain limit process of the vortex core radius
to the tube radius tending to zero is applied. The resulting predicted
breakdown angles of attack show fair agreement with experimental
data on burst location for various slender delta wings. Calculations

based on this theory, therefore, can be used to predict the burst lo-
cations along a delta wing from a single set of measurements at
a given angle of attack, speci� cally, from a data set where break-
down did not even appear anywhere in the � ow� eld around the
wing.

In addition, calculation of the swirl ratio at the breakdown con-
ditions, .v0 max=w0 max/BD, for each of the test cases reveals that this
parameter is almost independentof both the angleof attack® and lo-
cation along the wing x=c, having an average value of 0:58§ 0:03.
This swirl ratio, therefore, may serve as a universal criterion for
the appearance of breakdown along leading-edge vortices. At any
point along the leading-edge vortex where the swirl ratio reaches
the critical value 0:58 vortex breakdown will appear.

It should be noted that the predicted angles of attack for break-
down are more consistent with the experimental results when the
wing is more slender (higher sweep back angle 3). This is proba-
bly because the current theory of Wang and Rusak32 is limited to
axisymmetric swirling � ow. Because the leading-edgevortex is lo-
cated much closer to the wing surface when the delta wing is less
slender, the effect of the wing on the vortex structure is strongerand
the vortex deviates from axisymmetry. The analysis assumption of
axisymmetric � ow becomes less accurate and the theory32 may not
describe the vortex breakdown process as accurately.

The effect of the adverse pressure gradient along the vortex axis
on the breakdown conditions may also play an important role (see
Ref. 13) and should be investigated.It is proposed to use the asymp-
totic theory of Rusak et al.36 for computing these conditions. The
comparison of results between such computations and the present
studywill help to clarifythenonlinearinteractionbetweenthevortex
swirl ratio and the pressure rise along the vortex.
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